A natural concept of variety for regular semigroups is introduced: an existence variety (or e-variety) of regular semigroups is a class of regular semigroups closed under the operations H, S e , P of taking all homomorphic images, regular subsemigroups and direct products respectively. Examples include the class of orthodox semigroups, the class of (regular) locally inverse semigroups and the class of regular jB-solid semigroups. The lattice of e-varieties of regular semigroups includes the lattices of varieties of inverse semigroups and of completely regular semigroups. A Birkhoff-type theorem is proved, showing that each e-variety is determined by a set of identities: such identities are then given for many e-varieties. The concept is meaningful in universal algebra, and as for regular semigroups could give interesting results for e-varieties of regular rings.
A semigroup S (or (5, •), though we will always replace • by juxtaposition) is called reguiar (in the sense of von Neumann for rings) if for each a 6 5 there exists x 6 S such that axa -a. The element y = xax then satisfies both ay a = a and yay -y, and is called an inverse of a in S. A semigroup is called an inverse semigroup if each element has a unique inverse, and a semigroup 5 (not necessarily regular) is called a locally inverse semigroup if for each idempotent e € 5 , the subsemigroup eSe is inverse.
We follow the notation and conventions of Clifford and Preston [2] and Howie [9] , especially for Green's relations C, 72., T>, 7i and J.
An orthodox semigroup is a regular semigroup in which the idempotents form a subsemigroup. A semigroup S is called E-solid if for all idempotents e, f, g £ S such that e C f 72. g there exists an idempotent h £ S such that e 72 hC g. Such semigroups include inverse semigroups (in fact, orthodox semigroups) and completely regular semigroups (denned as regular semigroups which are unions of groups).
For any class C of regular semigroups we define classes H(C),S e (C) and P(C) as follows: H(C) is the class of all (regular) semigroups that are homomorphic images of 60 T.E. Hall [2] semigroups in C; S e (C) is the class of all regular subsemigroups of semigroups in C; and P(C) is the class of all direct products of semigroups in C. A class V of regular semigroups is called an existence variety, or e-variety, if H(V) C V, S e (V) C V and P ( V ) C V.
A BIRKHOFF THEOREM
Simultaneously, and quite independently of the present paper, Kadourek and Szendrei [10, Section 1] have considered e-varieties of just orthodox semigroups, which they call bivarieties of orthodox semigroups, and have also obtained a Birkhoff-type theorem. By restricting in a natural way the type of identities considered, they obtain the result that bivarieties of orthodox semigroups are precisely equational classes of orthodox semigroups (their definition of "an orthodox semigroup (S, •) satisfies an identity" is prima facie slightly different, and might not be equivalent: for example, for the word xx'y'y they can substitute aa'a*a with a', a* being different inverses of a).
For any regular semigroup (S, •) (or more simply 5 ) , there is (by the Axiom of Choice) a unary operation ' : S -» S on 5 such that, for all a; € 5 , xx'x = x and x'xx' = x'; we call such an operation an inverse unary operation. By a unary semigroup we mean an algebra (5, •, ') such that (5, •) is a semigroup and ' is a unary operation on S, while by a regular unary semigroup we mean a unary semigroup (5, •, ') such that (S, •) is a regular semigroup and ' is an inverse unary operation on (5, •). We denote the variety of all regular unary semigroups by TUAS, and the e-variety of all regular semigroups by TIS. For each class C of regular semigroups, define a class C of regular unary semigroups by C = {(5, •, ') e 'RUS: (5, •) € C}.
For each element x in a semigroup 5 , we put V(x) = {y £ 5: xyx = x & yxy = y}, the set of inverses of x in 5 . Then the number of inverse unary operations on a regular semigroup S is of course f[ |V(a;)|, the product of the cardinalities of the sets xes V(x), x G 5 . Thus for each 5 in C, the f] |V(.T)| regular unary semigroups obtained from 5 , by adding an inverse unary operation in all possible ways, all belong to C. [3] Existence varieties 61
Take any (5, •, ') € V and any (regular) unary subsernigroup (T, •, ') of (5, •, ' ) . Then (T, •) £ V so again (T, -, ') € V , whence V is closed under S, the taking of all (regular) unary subsemigroups. Entirely similarly, we see that V' is closed under taking all direct products, which completes the proof. D
For each e-variety V of regular semigroups, we denote by Id(V') the set of all (unary semigroup) identities satisfied by all members of V'. We now obtain a Birkhoff theorem for e-varieties (in the proof, the brackets indicate an alternative statement). We say that an e-variety V is strongly determined by a set of identities B if B is a basis of Id(V'). We say that a regular semigroup (S, •) satisfies a set C of TUAS identities if (5, •, ') satisfies C for every inverse unary operation ' on (5, •). Note that from Theorem 2.2, a basis B of Id(V'), for V an e-variety of regular semigroups, has the property that, for each regular semigroup (S, •), (S, •, ') satisfies B for some T.E. Hall [4] inverse unary operation ' on (5, •) if and only if (5, •, ') satisfies B for every inverse unary operation ' on (5, •).
For each set C of TUAS identities, we call the class
an equational class. By Theorem 2.2, each existence variety is an equational class. Example 2.4 below shows that not every equational class is an existence variety. We say that an e-variety V is weakly determined by a set of identities C if £(C) = V: we will see many examples in Section 4 where we can find a set C of simpler identities than those in each basis found for Id (V). Of course, by Theorem 2.2, each e-variety of regular semigroups is weakly, as well as strongly, determined by each basis of Id(V'). For each non-negative integer k, there is also a subvariety determined by x^ = y^. These varieties are all the subvarieties of (HZ) , wliich are of course essentially the known varieties of algebras with one operation only, a unary operation. Example 2.4. The equational class £((xy)' = x'y') contains all right zero semigroups and all left zero semigroups (those satisfying xy = x), but it does not contain the direct product S x U of a left zero semigroup S = {s, t} and a right zero semigroup U = {u, v}: any function ' from 5 x f / t o 5 x ( 7 i s a n inverse unary operation, and for many choices of ' , (S x U, -, ') will not satisfy (xy) -x'y'. Hence £((xy) = x'y') is not closed under P , and so is not. an e-variety.
T H E LATTICE OF C-VARIETIES
Since the map V -> V is one-to-one, from the class C ev (7lS) of e-varieties of regular semigroups into the set £ V (1ZUS) of varieties of regular unary semigroups, the class C ev CR.S) is actually a set. Moreover, since the intersection of any set of e-varieties is again an e-variety, we have that the set C ev (TZS) is a (complete) lattice under class containment C, and for any set {V<: i G / } of e-varieties, we have [5] Existence varieties 63
the least e-variety containing (J Vj.
tGJ
Clearly the map ': C ev (HS) -t C V {TUAS), V -> V , is order-preserving: we will see that it is A-preserving but not V-preserving. By an e-variety of algebras from £ we mean any subclass V of £ closed under H,S e and P , the operations of taking all homomorphic images, subalgebras that are also in £, and products, respectively.
To each algebra A in £ we can adjoin m-ary operations / j A , f^, ..., f^ , obtaining T.B. Hall [6] Then just as in Theorem 2.1, for each e-variety V, the class V is a variety; V is determined by each basis B of the identities id(V') as in Theorem 2.2, and the map V -> V is order preserving and A-preserving from C ev (£), the lattice of e-varieties contained in £, to the lattice C V (E') of subvarieties of f, as in Lemma 3.1. Similarly we can prove that (/; 2, 1) = (/; 1, 2), whence (/; 1, 2) = (/; 1, 3), a contradiction.
T is not an e-variety, and in particular ( « ' W ) f^V V . We remark that
(1) a similar proof shows that for every inverse unary operation on (S, •), (S, •, ') does not satisfy (xy) = x"y"; and (2) a similar example can be obtained by replacing T in the construction by the 0-direct union of two copies of B 2 -M°((l); 2, 2; A).
IDENTITIES FOR e-VARIETIES
Here we give identities [strongly] determining many of the known existence varieties of regular semigroups. which assigns to each element x its inverse a;" 1 in the maximal subgroup containing x. It is well-known that any regular subseniigroup of a CR semigroup is also a CR semigroup (a corollary to [6, Result 2(iii)]; and also to Lemma 4.1.1 below). It follows that CR is an e-variety, and that each e-sub variety of C1Z consists of CR. semigroups.
Just as for the e-variety CR of all completely regular semigroups, each e-subvariety V of CR can be altered to a variety of (CTZ)~ semigroups by simply adjoining to each semigroup 5 in V the unary operation -1 ; we denote this variety by V" 1 .
Conversely, each variety W of completely regular unary semigroups becomes an e-variety WJ 7 by simply dropping the unary operation ~l from each semigroup. Meets are the same, and joins are the same, in C ev (CR), the lattice of e-varieties of completely variety W are not always appropriate to determine the CR e-variety W.F: for example the identity n " 1 = x~*x, true in any (C"R)~ semigroup, when translated to xx' = x'x, weakly determines the e-variety of all semilattices of groups (since now, by 5 satisfies xx' = x'x, we mean that xx' = x'x for every inverse x' of x in S).
We find an identity that determines CR. and we show how to translate identities for (CR)~ varieties to identities for CR e-varieties. . Then, for all .T 6 S, 
is strongly determined within US by x" = x, (xy)' = y'x' and (xx')(x'x) = (x'x)(xx'). Note that by Remark 4.3.4 below, I is strongly determined within US by the single identity [x(x 2 )'x][y(y 2 )'y] = [y(y 2 )'y][x(x 2 )'x].
If we merely regard x~l as an alternative notation to x' when dealing with evarieties of inverse semigroups, then any e-variety V of inverse semigroups is strongly determined within I by each set of identities that determines V withing I', and of course V' is an inverse semigroup variety in the earlier sense (see, for example, [12, Chapter XII]). Clearly C ev (T), the lattice of e-varieties of inverse semigroups, is isomorphic to C V {I'), the lattice of varieties of inverse unary semigroups. In C ev (HS), the corresponding (quite different) joins can be simply described, as we shall see in a further paper. For example TIB V X, the join of the e-varieties of rectangular bands and inverse semigroups is the e-variety of generalised inverse semigroups, and more generally, the join TIB V V, for each e-variety V of inverse semigroups, is just the class of generalised inverse semigroups S such that S/f 6 V, where 7 is the least inverse semigroup congruence on 5 .
Remark 4.2.3. In [7] , the author, jointly with T. Imaoka, showed that the e-variety of generalised inverse semigroups has the amalgamation property. In the further paper mentioned in Remark 4.2.2, we will show that this is the largest e-variety in £ ev (TZS) with the amalgamation property.
REGULAR SEMIGROUPS WITH CORES IN AN e-VARIETY V
By the core of a semigroup S, we mean the subsemigroup Core (S) = (E(S)) generated by the set E = E(S) of all idempotents of 5 .
For each class C of regular semigroups define C ig ={S eilS :Core{S)eC}, the class of those regular semigroups whose core is in C. , and is an e-variety. Given a set of identities for V, a set for V* 9 can be obtained as follows. 
(a product of n(j) idempotents).
PROOF: The theorem can be proved routinely from the observations, for any
x is an idempotent, for any x £ 5 , (ii) if e is any idempotent in S, then e = e(e 2 ) e, and (iii) Core (5) For any TUiS word tt, by u € E we mean the identity u 2 = u (as in [12] for inverse semigroups).
THEOREM 4.4.1. The e-variety O of all orthodox semigroups is strongly determined within 1Z.S by the three identities
and also by the identity
at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S000497270000349X
[13]
•
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And O is weaJdy determined within TZS by each one of the following four identities:
)'x^j £ E, xyy'x'xy = xy.
PROOF: (i) Take any orthodox semigroup (5, •) and any regular unary operation ' on (5, •). Clearly (5, -, ') satisfies the identities (3) and (3') (since x{x 2 )'x is an idempotent, for each x £ 5 ) , and the first two identities in (4) . From [9, Theorem VI.1.1], we see that (5, •, ') satisfies the last two identities in (4).
(ii) Conversely, take any regular semigroup (5, •) such that for some inverse unary operation ' on (5, •), the identities (3) are satisfied by ( 5 , •, ' ) . We show that (S, •) is orthodox. Take any idempotents e, / £ 5 . By (3), e' = e'ee' = (e'e)(ee') £ E and hence e = ee'e = (ee')(e'e). Likewise / = ( / / ' ) ( / ' / ) au< i then from (3) again ef is idempoteut, whence (5, •) is orthodox.
For ( 3 ' ) , there is a similar, though simpler, proof (since e = e(e 2 ) e for any idempotent e £ 5 ) . T.E. Hall [14] and also by (3) or ( 
and (7) PROOF: (i) Let (5, •) be any 2?-solid regular semigroup and let ' be any inverse unary operation on (5, •). Since the core (E(S)) of S is a union of groups, the identities (5) and (5') are satisfied by (5, -, ').
(ii) Conversely, suppose (5, •) is a regular semigroup such that (5, •, ') satisfies the identities (5), for some inverse unary operation ' on (5, •). Take any idempotents e, / , g in S such that eCfTZg. Then e' = e'ee' = (e'e)(ee') is in a subgroup, by (5) , and since eTlee' Ce'Ke'e Ce we have by [2, Theorem 2.17] that (ee')(c'e) G H e (since R e i e D L ee < = H c i (a group) contains an idempotent).
Likewise {gg')(g'g) G H g , and since eCfTZg we have by [2, Theorem 2.17] again that (ee'e'e)(gg'g' l g) £ R e C\L g , and so R e Pi L g is a group from (5); that is, there is an idempotent h such that eTlh £</, whence 5 is .E-solid, as required. Now take any regular semigroup (5, •) such that (5, •, ') satisfies (5') for some inverse unary operation ' on (5, •). Then clearly the product of any two idempotents in (5, •) is in a subgroup, which is equivalent to (S, •) being i?-solid.
(iii) The identities (6) [(C')j are equivalent to the product of any two [P-related] idempotents being in a subgroup, which is equivalent to being i?-solid. The identities (7) are equivalent to each inverse of an idempotent being in a subgroup, which is also equivalent to being £-solid. Take any idempotent e £ 5 and take any inverse unary operation ' on (eSe, •), and extend ' arbitrarily to an inverse unary operation, also denoted by ', on (S, •). In eSe we have V(e) = e, and so e' = e. Take any xx, x 2 , . • •, x n G eSe, and put y = e, whence y' = e = J/J/'. Now ' is closed on eSe = yy'Syy', and yy'uyy' = u for any u G eSe,so (ii) We showed already in part (a)(ii) of the proof that any semigroup (S, •) G V loc satisfies the identities (8)' oc if each semigroup in V satisfies (8 PROOF: (iv) The second term is a simplification of the term yxy'(yy'(yxy') yy') yxy') , which is an inverse of an arbitrary idempotent in yy'Syy' if x % y are taken as arbitrary elements in an THIS semigroup (5, •, ').
(v) The first identity is obtained from Remark 4.3.4. The second identity is obtained from x'x CW xx', which weakly determines I within US. U
